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The Routh method is used to prove the stability of a steady motion in the Roze
problem [1, 2], Liapunov theorem on holomorphic integral is used to construct
the periodic solutions in the neighborhood of a stable unperturbed motion,

We consider the motion of a system consisting of two heavy Lagrange gyroscopes,about
a fixed point lying on the axis of dynamic symmetry of the first gyroscope, We shall as-
sume that the axes of dynamic symmetry of the tops are connected by a cylindrical hinge
which keeps them in some vertical plane but allows them to assume any inclination with
respect to the vertical, Let s denote the distance between the fixed point and the hinge,
I, the distance between the fixed point and the centerof mass of the first gyroscope and
ly the distance between the fixed point and the center of mass of the second gyroscope,
A, A, and C,, C, are the equatorial and axial moments of inertia of the gyroscopes,

The above system has five degtees of freedom and its position in space can be defined
in terms of the corresponding angles of nutation 8,, 8,, 0 < 4, <C 2x, angles of self-
rotation ¢, and ¢,,and the angle of general precession V. The Lagrangian function has
the form

2
L= _;— Z (4,0, + v sin28;) + €, (9;" + " cos %] + (1)
i=1

B (8,0, cos (8, — 8) + ¥sin 6, sin 8] —
g [(myly + mas) cos 0 + myl coS 0,1

Ay = Ay + mys?, B = mylys
where m; and m, denote the masses of the gyroscopes and g is the acceleration due to
gravity.
The ignorable coordinates @y, ¢, and ¢ have the corresponding first integrals (n, n,

and n are integration constants)

Ci ((Pi. + lp. cos 9,) = Ny, i = 1, 2, N’\I). = v

N = A;sin?0; + A,sin?6; + 2B sin O, sin6,, ~ = n — n; cos B, —ny cos B,
Eliminating from (1) the ignorable coordinates, we obtain the Routh function

R=1L— ng — ng@y — n¥’ =1/, [4,0,"% + 4,0, + 2B0,’6;" cos (6, —

92)] — W (8, 0, ny, ng n)

1 2
W=—5" -%V— + g [(myly - mgs) cos 0 4 maly cos B5)
The steady motions of the initial system are obtained from the conditions [1, 2]
aW/e0;, =0, =1, 2 (2)

Let the initial conditions be chosen so that the relations (2) are satisfied, Then the
system performs a steady motion

0 =010, 0, =105, ¢ =i+ Pro’ts P2=Paot Paoty V=1t Vot 3)
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We shall regard (3) as an unperturbed motion, and investigate its stability using theRouth
method, Assuming in the perturbed motion §, = 8, + z;, 8, = 09 + 23, 0= zys By =

zy,we find 1t/
W (84, 8,) — [ W [ 2

2w
2 m)oxlxz] 4.

The function W (81, 8;) has a minimum W {8, 8,,) provided that

2w 92 W oW
(Fo)o >0 (50 ) (T o> (0005 ), @
We note that the set of solutions of the inequalities {4) is nonempty, For example, all
0 < 8;, < m (i = 1, 2) satisfy (4). However, we shall not analyze these inequalitiesin
detail, Using the Routh theory on stability of steady motions and its Liapunov comple-
ment [3] we conclude, that the steady motions are stable in 8y, 6,, 8,", 8", @1’ @2 ¥’

provided that the inequalities (4) hold,
The equations of perturbed motion have the form

Ay2," + Bz, = —3W [ dzy, Agxy" + Bz = —0W /0% (5)

Since the right-hand sides of (5) are functions holomorphic in z; and z,, we have

" = pus -t put + an@d F qpnm gt ., i= 1,2 ®
Byg— Agvyy By — Ay,
Py = D , Doy D — f==1,2
Bay' — Agqyt’ Bqsy' — Asgyy By — Asgs’
In= "3y (o=, qu= gt
Bgyy — Ayqyy Bgyy — Aqay Bgo” — A4020"
g~y = 5 1921 - 91 — 12

_ < 2w B ( *2wW O2W
Y= Oz E Jgr VT | Ox2 Jo Yo = Vo1 = <m>0

, ~<@3W > gt — B , BW
I = dzp Jyr T T dzg® o iz = 922023 Jo

goy’ = (3W 02202 D = A3 Ay — B2
The energy integral
E — Ey= {42 ¢ Ay’ - 2Bxy "z, - Pt b Vet 2yayry) b L
is sign definite with respect to the variables in question, provided that Y11 > 0y V11722 ~
v* 2> 0. The defining equation of the syster (6) has the form

A (R) == A (A4, — B%) -1 A (A11ag + Apyy — 2By12) 1 (Yir¥er — V12" = 0 M
Let Eq,(7) have two pairs of pure imaginary roots -+ A; ¥ — 1. This happens, e, g. when
0 < 8;, < n (i =1, 2). In this case if one of the ratios A /Ay, X,/%; is not an integer,
the Liapunov theorem on holomorphic integral is used and each pair of the pure imagi-

temn (5), (6) with two arbitrary constants [4], Each periodic solution can be written in
terms of periodic series in powers of some arbitrary constant ¢;. We shall obtain the first
two terms of these series, Let us set
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Ti= 2m/hy 1 + hyes? + hyged + . . ]
szﬁfTi{t—~igi), i=1,2
Having tra.nsformeiid2 Egs. (6) to the form
'z

diz = Tiz' (14 I CALE SN | {pslar:1 + Pyt )’(‘s}
we seek their solutions in the form of series
Tz = xSi(l)ci 4 xsi(z) e+ ... s=1,2
The coefficients z;;,(1) and 7,V are found from the homogeneous linear equations (2;;
and by; are arbitrary constants)

azi(l:) — (Pt A oy g, by = —(pu + &%) by / Py
2y = ay; €08 T+ by; sinT, oz, = @y; COST + by, sinT
Equations for the functions z;;(® and z,;'® can be written as follows:
diz 2 1
= [(p 2D CYN . .
dr? a2 Wa%y T Pyg®s )+ (Agg 1 Ay 008 2T - B, sin 21))

Asz = 6si (al,-” —_— bliz), Bsz = 265ia1ib1i

1
By = 2P [93P2 + a5 (Pu+ AP — g P (Pu+ AR
therefore z;(* is found in the form
2P = a5 + ag'? cos 2T + bazm sin2r, s=1,2; i=112

The coefficients a5'?, au'®, bup'® are
alz(o) == —[A35Py0 — Agypiol / A, '112(2) = —[dy (p2p + 40P —
Aaal’;z] I 4,
512(2) = [Biy(pes + 4h?) — Byopipl / Bs,s “22(0) = [App1s — APyl [ &
‘122(2) == [Ay9pp1 — Agp (pu + 47‘i2)] ! Ag, b22(2) = [Byapyy — Bas X
(P + 401/ Ae
Ay = puPas — P1ePary By = (pry + 44 P2z + L0%) — praPa1

Thus we have shown that when condition (2) holds, two families of periodic solutions
may exist and, according to Liapunov, they are constructed in the form of trigonometric
series,
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